Abstract: An iterative projection algorithm proposed previously for direct phasing of high-solventcontent protein crystals is extended to include non-crystallographic symmetry (NCS) averaging. For proper NCS, when the NCS axis is positioned, the molecular envelope can be automatically rebuilt. For improper NCS, when the NCS axis and the translation vector are known, the molecular envelope can also be automatically reconstructed. Some structures with a solvent content of around 50% could be directly solved using this ab initio phasing method. Trial calculations are described to illustrate the methodology. Real diffraction data are used and the calculated phases are good for automatic model building. The refinement of approximate NCS parameters is discussed.
Introduction
Iterative phasing algorithms have been proposed to solve the phase problem of protein crystallography [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Liu et al. showed that direct phasing of protein structures is possible when the protein boundary is known or can be derived from other experiments, such as small-angle X-ray scattering [8] . Millane, Kingston, and Lo theoretically analyzed the iterative projection algorithms which have good convergence properties and demonstrated the feasibility by applying a difference map approach to protein crystals and a virus crystal with only prior information on the molecular envelope and the non-crystallographic symmetry (NCS) axis [9, 10] . Lo et al. employed the difference-map method with NCS averaging on two structures with a 4-fold NCS and a virus structure with a 5-fold NCS, starting from a low-resolution molecular envelope and the position of the NCS axis [10, 11] . He and Su have proposed a completely ab initio method to iteratively locate the protein envelope and retrieve phases using the hybrid input-output (HIO) [16] method for high-solvent-content crystals [12] . The method seems to work for protein crystals with a solvent content greater than 65%. However, since the majority of protein crystals have a solvent content of less than 65%, additional constraints about the electron density such as NCS are required for phasing a typical protein crystal.
Non-crystallographic symmetry exists in about 40% of protein crystals. NCS averaging has been widely used to improve the calculated density [17] [18] [19] [20] [21] [22] [23] [24] . Since the local densities are the same for different NCS copies, the number of independent degrees of freedom of protein density is reduced. For a crystal with a 2-fold NCS, if the solvent content is 50%, after considering the NCS, the constraint ratio is about 1.5 [25] [26] [27] and the phase problem is well determined. The situation is very similar to that of a protein crystal (without NCS) with a 66.7% solvent content. Ab initio HIO method might therefore work in that case. The combination of HIO and NCS averaging make ab initio phasing possible.
In order to apply NCS density averaging, an NCS mask needs to be reconstructed. The conventional method starting from a poorly phased density map computes a local correlation function between the unrotated and rotated density maps [22, 28, 29] . It requires that the density map has already indicated some symmetry. However, for the ab initio phasing, the initial density is random. Therefore, a new strategy is required. A new methodology is introduced in Section 2 to rebuild the NCS mask from weighted average density maps.
Non-crystallographic symmetry consists of proper NCS and improper NCS. Proper NCS describes a set of NCS operations which form a closed group, for example a set of rotations about an axis. Improper NCS describes a set of NCS operations which do not form a closed group, for example a translation. In Section 2 , proper NCS is discussed, including trial calculations on four protein structures with 3-fold and 2-fold rotational NCS. In Section 3, improper NCS is discussed by including the protein envelope reconstruction when a translation exists. One trial calculation is carried out on a protein structure with an improper NCS which includes a 2-fold rotation and a translation. The method can be easily applied to high-order NCS.
In the trail calculations, we assume the NCS axis is known. The NCS mask is automatically reconstructed. The assumption of known precise orientation and location of the NCS axis is unrealistic. The orientation inferred from the Patterson rotation function is only approximate, and there does not exist a well-established way to determine the location of the axis. Hence, it is important to ascertain the tolerance of the HIO algorithm with respect to the uncertainties in the NCS parameters. In addition, when only very approximate NCS parameters are available, it is desirable to refine them to within the tolerance limit. These questions are discussed in Section 4.
Proper NCS

Direct Phasing with the HIO Method
Direct phasing of protein crystals has been developed in our previous articles [12] [13] [14] [15] . It divides a unit cell into a grid and starts from random densities in an asymmetric unit (ASU). Densities in the unit cell are obtained by applying symmetric operations. After a Fourier transform, one obtains the calculated structure factors. The calculated phases of structure factors are kept but the calculated magnitudes are replaced by the measured values. Missing reflections have to be filled with the calculated values. After an inverse Fourier transform, one gets the calculated density in the unit cell. Before density modification, a weighted average density map is computed and a cutoff value on the map is obtained to comply with the solvent content of the crystal. Regions with a weighted average density above the cutoff value are assumed to be occupied by the protein molecules. Solvent fills the regions with a weighted average density below the cutoff value. The HIO method [16] is used to modify the calculated density in the solvent region while the histogram matching method [30, 31] is used to modify the calculated density in the protein region. After density modification, a new iteration begins until a given number of iterations have been reached.
The weight used in the above averaged densities is described in Equation (1).
The subscript i or j represents a grid point in the asymmetric unit. d ij is the distance between the two grid points. The parameter σ k measures the width of a Gaussian function which can be used to exhibit the features of the protein in various scales. k = 1, 2, and 3 corresponds to three weighted average density maps which will be used in the following NCS mask reconstruction. σ 1 is chosen to be 15 Å throughout the iterations. σ 2 is chosen to be 5.0 Å throughout the iterations. σ 3 is chosen to be 4 Å at the first iteration, decreasing linearly in the following iterations [12, 15] . At the last one thousand iterations, σ 3 is reduced to 2.5 Å, and it stays constant when solvent flattening [32] is applied during the last one thousand iterations.
A data weighting strategy is often used to improve the performance of direct phasing methods [10, 14] according to Equations (2) and (3).
where S h is the reciprocal of the resolution of that reflection. Missing reflections should be filled with the calculated values during the iteration according to Equation (4) .
About 1% of the diffraction data were left aside as a test data set T. The work data set is denoted as W. The free R-value [33] , mean phase error ∆φ, and correlation coefficient CC were calculated as error metrics according to Equations (5)∼(7).
where φ true (h) is the phase computed from the known PDB deposited model with bulk solvent correction, and φ cal (h) is the calculated phase in each iteration. |F obs (h)| is the observed magnitude of a structure factor. |F cal (h)| is the calculated magnitude of a structure factor in each iteration.
Reconstruction of the NCS Mask
In order to apply NCS density averaging, one needs to separate the unit cell into several asymmetric units related by crystallographically symmetric operations, each ASU contains a complete protein polymer, such as a trimer or a dimer. In order to obtain the ASU, we grow it in three steps. The first step is to search for the center of the ASU, a point on the NCS axis. The second step is to grow a core surrounding the center of the ASU. The third step is to grow a complete ASU surrounding the core. When the ASU is obtained, an NCS mask is cut from the ASU to comply with the solvent content of the crystal. The mask can be used for NCS density averaging.
To describe the operations involved in the reconstruction of the NCS mask in each iteration, take a protein trimer in the P2 1 2 1 2 1 space group as an example. There are four crystallographically equivalent asymmetric units in one unit cell and each asymmetric unit contains a protein trimer. Suppose the calculated density of a unit cell is ready for density modification. In order to separate the unit cell into four asymmetric units and make each ASU contain a complete protein trimmer, we grow the ASU in three steps.
The first step is to determine a center of the trimer (the centroid) with the help of a weighted average density map w 1 as shown in Figure 1a , computed through a convolution of the calculated density with a weight given by Equation (1) with σ 1 = 15 Å. It is known empirically that such a weighted average density map tends to have a maximum density near the centroid.
Since the centroid is supposed to be located on the NCS axis, we adopt the following strategy: All grid points which have a weighted average density in the top 20% range are recorded as shown in Figure 1b . For any point P on the NCS axis, a sphere is drawn with a radius so that the sphere barely touches its three crystallographic-symmetry copies as shown in Figure 1c . Now, add up all the recorded weighted average densities within this sphere. The point P with the highest total density is taken to be the centroid. The second step is to construct a core region surrounding the center of the trimmer. Another weighted average density map w 2 with σ 2 = 5 Å is employed as shown in Figure 1d . The radius of the weight distribution is much smaller than that of w 1 , therefore a more detailed structure can be revealed. In particular, the map should be able to distinguish the protein region from the solvent region. We group all the grid points of a conventional asymmetric unit into 300 bins in descending order of the weighted average density. For crystallographically equivalent grid points in the top bin, it is quite likely that only one of them is distinctly the closest to the centroid P shown as in Figure 2a . Those grid points are defined to be part of a trimeric core as shown in Figure 2b . As one moves down the bins toward grid points with low weighted average density, there comes a bin where the closest point is no longer distinct or unique within a certain cutoff distance. We define the last bin before this happens as the boundary of the core as shown in Figure 2c . Figure 2a -d indicate the construction of the core starting from the point P.
The third step starts from the last bin of the core and moves downward. For all the remaining grid points, out of the crystallographically equivalent copies, the one which is closest to the core boundary is picked as shown in Figure 2f . All such points together with the core make up a complete asymmetric unit, as shown in Figure 2g , which hopefully contains an actual protein trimer. Figure 2e -h indicate the construction of the asymmetric unit starting from the core.
The last step is to define a mask for NCS averaging. For this step, a third weighted average density map w 3 (averaged over an approximately 3 Å radius) is computed and the protein boundary is defined inside the calculated ASU using an appropriate cutoff to comply with the solvent content of the crystal as described in the previous paper (He & Su, 2015) . The protein boundary inside the ASU gives the NCS mask. This mask does not necessarily satisfy the NCS operations especially during the initial hundreds of iterations. Figure 2i -l show the construction of the NCS mask from the ASU.
A flowchart for computing the NCS mask is shown in Figure 3 . After all the previous preparations, we are ready to symmetrize the density. For every grid point inside the calculated NCS mask, the new density is defined to be the average of the densities at three equivalent points even if two of those equivalent points lie outside of the NCS mask. From here on HIO, together with histogram matching [30, 31] and Fourier refinement can be applied as done previously [12] .
The above operations are likely to improve an approximate density so that a more accurate centroid, center core, ASU, and NCS mask emerge after each iteration. Since the reconstruction of the NCS mask is time-consuming, one does not have to reconstruct it in each iteration. Empirically, one only needs to update the NCS mask once per 100 iterations during the initial 500 iterations and update the NCS mask once per 500 iterations after the 500th iteration. It was discovered that when starting from a random density, repeated iterations can eventually produce the correct structure. A short summary of what is carried out in a single step of the iteration runs as follows: Project the density obtained from the previous iteration onto the diffraction intensity, then use various weighted averages of the resulting density to construct the new centroid, the new ASU, and the new NCS mask. The density inside the NCS mask is then symmetrized (with respect to NCS) and modified to comply with the histogram constraint, whereas HIO is applied in the solvent region. After all the density modifications, the cycle repeats itself. It should be pointed out that our algorithm is actually a combination of various projections rather than the usual iterative projection algorithm (IPA) [1] [2] [3] 5, 6, [9] [10] [11] , which is symmetric with respect to different constraints.
3-Fold Rotational NCS
The first trial structure is a carbamoyltransferase structure with PDB code 4NF2. As shown in Figure 4 , it has a 3-fold rotational NCS and there are 340 amino acids in each monomer. The cell dimensions are a = 85.89 Å, b = 99.89 Å, and c = 118.99 Å. The resolution of the diffraction data ranges from 29.23 Å to 1.74 Å with a data completeness of 99.4%. The work and free R values are 0.145 and 0.170, respectively. The solvent content is about 45%. Since there is a 3-fold NCS, the constraint ratio is about 1.72 [25] [26] [27] and the phase problem is well determined, and is adequate for HIO phasing method. With the above specifications of our phasing algorithm, when applied to 4NF2, it produces the evolutions of error metrics in Figure 5 . We made 200 independent runs starting from random phases and got 50 successful runs. The success rate was about 25%. The final mean phase error of a successful run was about 49 • which could be further reduced to 39 • by averaging over the successful runs [15] as shown in Figure 6 . The final density is good enough for automatic model building by ARP/wARP [34] . Over 90% of amino acids could be correctly rebuilt. The rebuilt model matches the PDB deposited model quite well. The calculated centroid, center core, ASU, and protein boundary of a successful run of 4NF2 are shown in Figure 7 . It is instructive to track the movement of the centroid of the trimer along the NCS axis, as depicted in Figure 8 . The centroid has traveled quite a distance before it settles down after 3000 iterations for one successful run, accompanied by the corresponding sharp drop in ∆φ and R f ree . When the centroid of a specific run reached the correct location, the phases converged simultaneously. It is necessary but not sufficient for a run to reach the solution when the centroid has moved to the correct position. We performed another test run by fixing the centroid at the correct position. In that case, we got about 110 successful runs among 200 independent runs starting from random phases. The success rate was about 55%. The correct location of the centroid doubles the success rate. The evolutions of the calculated center core, ASU, and protein boundary are also very interesting to observe. Figure 9 shows the calculated center core, ASU, and protein boundary of a successful run before and after it reaches the solution. Before a run reaches the solution, the calculated center core often looks featureless and sometimes even not connected. The corresponding ASU does not contain a complete trimer. As a result, the protein boundary is not correct at all. However, when a run reaches the solution, the calculated center core has already shown the 3-fold rotational symmetry. The three copies of the protein are clearly visible in the core. The resulted ASU contains one and only one complete trimer. The protein boundary becomes very accurate. In contrast, for a 2-fold NCS, as we're going to see, individual copies cannot always be identified from the dimer core profile. 
2-Fold Rotational NCS
Twofold rotational NCS is very common in protein structures. As an example, the second trial structure is a human orotidine with PDB code 2V30. The PDB deposited structure is shown in Figure 10 In the calculation, all parameters except the 2-fold NCS are the same as those ones in the previous 3-fold trial calculation. We suppose the 2-fold NCS axis is known, then we made 200 independent runs starting from random phases and got 53 successful runs. The success rate was about 26%. The calculated dimer core, ASU, and protein boundary of a successful run are shown in Figure 11 . The final phase error was about 35 • which is good enough for automatic model building. Figure 11 . The calculated dimer core, ASU, and protein boundary of 2V30 in a successful run. The 2-fold NCS axis is perpendicular to the plane of the paper.
Improper NCS
Besides proper NCS, improper NCS is also common in protein structures. The last trial structure is a lipase mutant with PDB code 5AP9 [35] . The space group is P4 3 2 1 2. There are 269 amino acids in each monomer and the cell dimensions are a = 90.48 Å, b = 90.48 Å, and c = 160.46 Å. The resolution range of the diffraction data is from 50 Å to 1.8 Å. The solvent fraction is about 56%.
As shown in Figure 12 , the purple monomer (chain A) of 5AP9, when rotated about 185.3 • around the vertical axis and translated about 19.9 Å along the same axis, coincides with the cyan monomer (chain B). This operation is designated as G. Its inverse operation IG has to be applied to map chain B onto chain A. The choice of translation is not unique. We have chosen it to be parallel to the rotational axis. With the symmetry operations specified, the same parameters (used for 4NF2) are followed to construct a core, extend the core into a complete ASU, and to trace the corresponding protein boundary. To carry out NCS averaging, unlike the case of a 2-fold rotational NCS (where one simply rotates every point P1 inside the NCS mask through 180 • to another point P2 and average the densities at P1 and P2), for improper NCS, one needs to know which region (of chain A) to apply the operation G to as well as which region (of chain B) to apply the operation IG to. In other words, one needs to divide the original ASU into two equivalent halves.
To accomplish that, we use a weighted average density map with σ 1 = 8 Å to search for a highest average density point P off the rotation axis. Another NCS related point Q is then generated. A core is grown gradually surrounding P, with another equivalent core surrounding Q. The growth is stopped when the two cores start to overlap. From those two cores, masks of the protein monomers can be determined (from the boundary constructed before). The two operations G and IG are then applied to those two masks, respectively, for the symmetrization of the protein density.
The evolution of the error metrics are displayed in Figure 13 . We got 20 successful runs among 200 starting from random phases. The final phase error was about 35 • after averaging over the successful runs. The centroids of most failed runs deviate from the correct positions. We also tested the case when the centroids of the monomers are given, the success rate increased a lot and we got over 100 successful runs among 200 starting from random phases. Figure 14 shows the calculated centroids, constructed core, ASU, and protein boundary. As a result of the translational operation, the core splits into two parts and each part contains a centroid. Figure 14 . The calculated centroids, core, ASU, and protein boundary of 5AP9 from a typical successful run.
The two calculated centroids help separate the complete ASU and protein boundary into two halves. Each half ASU contains one and only one monomer. The protein boundary clearly show the border of each monomer in Figure 15 . In the final converged configuration, the two monomers show minimal contact (being almost point-like). Table 1 is a summary of the results of all trial structures, including 4NF2, 2V30, 4Z27 [36] , 1SW3 [37] , and 5AP9. The solvent content of these proteins is around 50%. The final phase error was less than 40 • . The calculated density maps are good enough for automatic model building using ARP/wARP [34] . On average, over 90% amino acids could be correctly placed. Figure 16 shows the calculated density maps and the automatically rebuilt models of those structures with their PDB deposited structures superimposed. The reconstructed models could be further refined by CCP4 [38] and PHENIX [39] . 
Discussion
It is well-known that the direction of the NCS axis can be determined from the Patterson self rotation map. In the trial calculations, we assumed the direction of the NCS axes to be accurate. In practice, an accurate direction is often not available. One can get only an approximate direction. We need to test the tolerance of the accuracy of the axis orientation as shown in Figure 17 . Take 4NF2 as an example, we allowed the axis to deviate from the correct direction by 5 • initially. After each iteration, we adjust the direction of the axis to make the calculated density to better satisfy the NCS symmetry. With this optimization, we still got several successful runs, but the phase error increased a little bit. When the deviation increases to more than 5 • , it is difficult to reach or even get close to the correct solution.
Throughout the trial calculations, we also assumed that the location of the rotational NCS axis was given beforehand. There are some methods to identify NCS symmetry from phased density maps [24, 40] . Ideally, one would like to be able to generate this through the iterations starting from a random location. We did not manage achieve that. In the mean time, one can carry out many independent parallel calculations until one of them converges as a result of the accidentally correct choice of the location of the symmetric axis, a binary map might also provide an approximate location [41] , thus narrowing down the choice. We also completed some tests with the NCS axis misplaced. For example, we shifted the NCS axis of 4NF2 by 10 Å as shown in Figure 17 . By updating the location of the axis, each iteration optimized the NCS symmetry, and we got some successful runs. However, when the deviation becomes larger, the solution can not be reached. If neither the orientation nor the location is accurate, a search should be applied in six dimensions. For 4NF2, we carried out a trial calculation with an initial orientational error of 5 • and locational error of 5 Å, the orientation and the location being updated through the iterations. Out of 400 runs, we found that the location and orientation both converged to the correct results in one run. More extensive tests remain to be carried out to evolve the orientation and location of the NCS axes. The corresponding problem for improper NCS also needs to be addressed.
Conclusions
Although phasing of most protein crystals can be routinely done through standard methodologies such as molecular replacement and anomalous scattering, the availability of a direct phasing algorithm would certainly be very beneficial, even becoming critical when standard methods fail.
A direct phasing algorithm based on HIO has proved to work for high solvent content protein crystals, typically for a solvent content higher than 65%. Statistically the chance of running into such a protein crystal is about 10%. Therefore, the applicability of the HIO method is severely limited. In this paper, we have shown through trial calculations that with the presence of NCS, structures with an average solvent concentration are amenable to the HIO approach. Therefore, because a significant fraction (about 40%) of protein crystals possess NCS, HIO direct phasing is a practically useful tool.
Precise information regarding the NCS operation was assumed in our trial calculations, however, the prospect of deriving this information from the diffraction data is good. 
